A theoretical framework is developed to estimate the supersaturation in liquid, ice, and mixed-phase clouds. An equation describing supersaturation in mixed-phase clouds in general form is considered here. The solution for this equation is obtained for the case of quasi-steady approximation, that is, when particle sizes stay constant. It is shown that the supersaturation asymptotically approaches the quasi-steady supersaturation over time. This creates a basis for the estimation of the supersaturation in clouds from the quasi-steady supersaturation calculations. The quasi-steady supersaturation is a function of the vertical velocity and size distributions of liquid and ice particles, which can be obtained from in situ measurements. It is shown that, in mixed-phase clouds, the evaporating droplets maintain the water vapor pressure close to saturation over water, which enables the analytical estimation of the time of glaciation of mixed-phase clouds. The limitations of the quasi-steady approximation in clouds with different phase composition are considered here. The role of phase relaxation time, as well as the effect of the characteristic time and spatial scales of turbulent fluctuations, are also discussed.
Introduction
The phase transition of water from vapor into liquid or solid phase plays a pivotal role in the formation of clouds and precipitation. The direction and rate of the phase transition ''liquid-to-vapor'' or ''ice-to-vapor'' are determined by the vapor supersaturation with respect to liquid or ice, respectively. The early numerical modeling by Howell (1949) and Mordy (1959) has shown that the supersaturation in a uniformly ascending cloud parcel reaches a maximum near the cloud base during activation of droplets and then monotonically decreases. Squires (1952) derived a relationship between supply and depletion of water vapor in a vertically moving cloud parcel. The solution of the Squires equation suggested that, to a first approximation, the supersaturation is linearly related to a vertical velocity and inversely proportional to the concentration and the average size of the cloud droplets. This relationship was later used to determine supersaturation in convective clouds by Warner (1968) , Paluch and Knight (1984) , and Politovich and Cooper (1988) . The characteristic time of phase transition due to water vapor depletion by cloud droplets is inversely proportional to the product of droplet con-centration and its average size (Squires 1952; Mazin 1966 Mazin , 1968 . Questions relating to the formation of supersaturation in clouds were discussed in great details by Kabanov et al. (1971) . Rogers (1975) studied the supersaturation equation for liquid clouds numerically and considered analytical solutions for some special cases. Subsequent refinements of the supersaturation equation and the time of phase relaxation were made by Korolev (1994) . Most studies of the supersaturation are related to liquid clouds. Only few works consider supersaturation in glaciated clouds (e.g., Juisto 1971; Heymsfield 1975) .
The present paper is focused on a study of the supersaturation in clouds of any phase composition: mixed, liquid, and ice. In the section 2 we consider the equation for supersaturation in a general form for a three-phase component system consisting of water vapor, liquid, and ice particles. Section 3 presents a solution of the supersaturation equation for the case of quasi-steady approximation, that is, when the sizes of cloud particles stay constant. Sections 4 and 5 examine supersaturation in liquid, ice, and mixed-phase clouds. In section 6 the analytical solution for the glaciating time of mixed-phase clouds for zero vertical velocity is obtained. Section 7 justifies the possibility of estimating the in-cloud supersaturation from the quasi-steady supersaturation, which can be calculated from in situ measurements of particle size distributions and vertical velocity. In section 8 the limiting conditions for the results are discussed.
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General equation
Consider a vertically moving adiabatic cloud parcel consisting of a mixture of liquid droplets and ice particles uniformly distributed in space. Assume that the cloud particles move with the air and stay inside the parcel at all times and no activation of new cloud droplets and nucleation of ice particles occur. Thus, the number of droplets and ice particles per unit mass of the air stays constant. Another assumption is related to so called regular condensation; that is, the water vapor pressure and temperature fields at large distance from cloud particles are considered to be uniform, and all cloud particles grow or evaporate under the same conditions.
The changes in the supersaturation in the cloud parcel can be described by an equation (appendix A):
q c R T dt p
Here, S w ϭ (e Ϫ E w )/E w is the supersaturation with respect to water; e is the water vapor pressure; E w (T) is the saturated vapor pressure over liquid water at temperature T; q , q w , and q i are the mixing ratios of water vapor, liquid water, and ice, respectively (mass per 1 kg of dry air); R and R a are the specific gas constants of water vapor and air, respectively; c p is the specific heat capacitance of the air at constant pressure; L w and L i are the latent heat of water evaporation and ice sublimation, respectively; g is the acceleration of gravity; u z is the vertical velocity of the cloud parcel. The rate of changes in the liquid water mixing ratio due to condensation or evaporation of cloud droplets can be described as
͵ w w w w dt dt a 0
Here, f w (r w ) is the size distribution of cloud droplets normalized to unity, r w is the droplet radius, N w is the number concentration of the cloud droplets, w and a are the densities of liquid water and dry air, respectively. The mass transfer of water from vapor to liquid phase inside clouds is mainly related to droplets having r w Ͼ 1 m. For such droplets, the corrections for the droplet curvature and salinity can be disregarded, and the equation for a droplet growth can be written as (e.g., Pruppacher and Klett 1997) Similarly, an equation for changes in the mixing ratio of ice can be written as
Here, N i is the number concentration of ice particles; r i is the characteristic size of ice particles; c is a shape factor of ice particles characterizing ''capacitance'' in the equation of the growth rate; i is the density of ice particles ( imin Ͻ i Ͻ imax ); and f i (r i , i , c) is the distribution of ice particles by characteristic size, density, and shape factor normalized to unity. The size of an ice particle is an ambiguous parameter, and it can be defined in a number of different ways. The ice particle size r i is related to the shape factor c through the rate of the mass growth. In the following consideration, the size r i will be defined as half the maximum dimension of the ice particle. For this definition of r i , the shape factor varies in the range 0 Ͻ c Յ 1, being equal to 1 for ice spheres. Using Jeffery's electrostatic analogy, the diffusional growth rate of the ice particles can be written as (e.g., Pruppacher and Klett 1997)
Here,
L i urated water vapor pressure over a flat ice surface at temperature T; S i is the supersaturation over ice.
The supersaturation over ice can be related to the supersaturation over water with Here, r w0 and r i0 are droplet and ice particle sizes at the time t ϭ 0. Equation (10) describes supersaturation in a general form in clouds consisting of ice particles and liquid droplets having monodisperse size distribution, and it can be used for estimation of supersaturation in clouds with any phase composition. Some special cases, when analytical solutions can be found, are considered in the following sections.
Quasi-steady approximation
Assuming that changes in the size of the cloud particles can be neglected so that w and i are constant, r r Eq. (9) yields a solution:
is the limiting supersaturation, and
is the time constant characterizing a time of asymptotical approach of S w to S qsw , that is, at t/ p k 1, S w ϭ S qsw .
The limiting supersaturation S qsw [Eq. (12) ] coincides with the solution of Eq. (9), when dS w /dt ϭ 0. Therefore, the physical meaning of S qsw can be interpreted as an equilibrium supersaturation; that is, when an increase (decrease) of the relative humidity due to air cooling (heating) is balanced by the depletion (release) of the water vapor by cloud particles. Traditionally, after Squires (1952) and Rogers (1975) , the limiting supersaturation S qsw is called quasi-steady. 1 We will keep this terminology in the frame of this study. Similarly, the assumption w ϭ constant and i ϭ constant in the sur r persaturation equation (9), will be called quasi-steady approximation. Following Mazin (1966 Mazin ( , 1968 , the constant p herein will be called the time of phase relaxation. The term integral radius will be applied to N w w r and N i i following Politovich and Cooper (1988) . r The dependence of q on supersaturation in the coefficients a 1 and a 2 has been neglected in Eqs. (1), (9), and (10). The comparison of numerical modeling results (appendix B) with the solution of Eq. (10) shows that for most clouds in the troposphere this assumption works with high accuracy. The solution for Eq. (9) in a more general form, including a dependence of q versus S w , is given in appendix C.
Supersaturation in single-phase clouds
a. Liquid clouds
Assuming N i ϭ 0, Eq. (10) gives the equation for supersaturation in liquid clouds having a monodisperse droplet size distribution (Korolev 1994) :
0 z 1 w w w w0 Figure 1 shows solutions of Eq. (14) for different vertical velocities u z . In the ascending parcel, the supersaturation decreases after reaching a maximum (Fig.  1a) . The presence of the maximum depends on initial supersaturation S w (0). If S w (0) is high enough, S w (t) will monotonically decrease at all times. It can be shown that for t k p the supersaturation asymptotically ap- proaches zero as S w (t) ϳ t Ϫ1/3 [Sedunov 1974, Eq. (4.3.26) p. 116] . In the descending parcel the supersaturation is negative and decreases monotonically with time to the moment of complete evaporation of droplets (Fig. 1b) . After the droplets evaporate the supersaturation changes as S w ϭ exp(Ϫa 0 u z t) Ϫ 1.
Equation (14) gives a rather accurate solution of S w . Comparison shows that the agreement between supersaturation derived from a numerical solution of a system of differential equations Eqs. (B1)-(B7) (appendix B) and that of a single Eq. (14) is better than 1% for a vertical displacement of a few hundred meters. For larger displacements, the deviation between S w computed from Eq. (14) and Eqs. (B1)-(B7) (appendix B) increases because Eq. (14) does not take into account changes of a 0 , a 1 , and A w with T and P.
Dashed lines in Fig. 1 show the solution of Eq. (9) for the supersaturation (t) for the quasi-steady ap-S* w proximation, that is, when N w w ϭ const and N i ϭ 0. r As seen from Eq. (14) the quasi-steady approximation can be applied for the time period when An expression similar to Eq. (16) was originally deduced by Squires (1952) . The time of phase relaxation in the form similar to Eq. (18) was first obtained by Squires (1952) and Mazin (1966) . 
between Ϫ0.5 Ͻ S w Ͻ 0.5% for vertical velocities Ϫ1 Ͻ u z Ͻ 1 m s Ϫ1 . Such vertical velocities would limit the characteristic range of vertical velocity fluctuations in stratiform clouds (Mazin et al. 1984) . In convective clouds where the vertical velocities vary in a wider range, for example, Ϫ10 Ͻ u z Ͻ 10 m s Ϫ1 , the supersaturation would experience fluctuations of Ϫ5 Ͻ S w Ͻ 5%, which is an order of magnitude larger than those in stratiform clouds.
The supersaturation in a vertically moving parcel also depends on temperature and pressure. For fixed N w w r and u z , the supersaturation increases with decreasing temperature and increasing air pressure (Rogers 1975) . Figure 3 shows the time of phase relaxation versus N w w computed from Eq. (17). For typical N w w , the r r characteristic time of the phase relaxation in liquid clouds is a few seconds. The effect of vertical velocity u z becomes significant at small N w w . However, such a r combination of high u z and low N w w is unlikely in liquid r clouds. Therefore, the term a 0 u z in the denominator in Eq. (17) can be neglected, and for practical calculations of p in liquid clouds, Eq. (18) is an accurate approximation.
Equations (9)- (18) neglect the corrections of curvature and salinity of droplets on the rate of droplet growth [Eq. (4)]. Kabanov et al. (1971) showed that the effect of these corrections on S qsw and p is negligible. Omitting these corrections does not affect our considerations and the final conclusions.
b. Ice clouds
Similarly to section 2, the equation for supersaturation with respect to ice in glaciated clouds with monodisperse ice particles and N w ϭ 0 can be written as 
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where b i0 ϭ a 3 B i0 . Figure 5 shows S qsi calculated from Eq. (20) for different values of N i i and u z . In situ measurements r showed that the average concentration of ice particles in glaciated clouds is 2-5 cm Ϫ3 with a characteristic size between 25-40 m in the temperature range Ϫ35Њ Ͻ T Ͻ 0ЊC (Korolev et al. 2003) . Due to lower values of N i i , the supersaturation S qsi in glaciated clouds may be r significantly higher compared to S qsw in liquid clouds. As seen from Fig. 5 for u z ϭ 1 m s Ϫ1 and for typical N i i , the supersaturation S qsi may range from a few to r hundreds of percent with respect to ice. However, such a high supersaturation will never be reached in clouds at T Ͼ Ϫ40ЊC, since an increase of the supersaturation is limited by the saturation over water. Lines 1 and 2 in Fig. 5 show the saturation over water for Ϫ5Њ and Ϫ35ЊC, respectively. As soon as the saturation with respect to water is exceeded, the activation of cloud condensation nuclei (CCN), which always exist in the troposphere in large numbers, will occur. The activation of newly formed droplets will result in rapid depletion of the water vapor and prevent continuous increase of the supersaturation, keeping the water vapor pressure close to the saturation over water. Figure 6 shows the time of phase relaxation calculated from Eq. (21). For typical N i i in ice clouds the charr acteristic time of the phase relaxation may vary from a few minutes to a few hours. Comparing diagrams in Figs. 3 and 6, it can be concluded that the processes related to changes in water vapor due to evaporation or condensation of ice particles in the glaciated clouds are on average slower than those related to liquid droplets. In other words the ''condensational'' activity of droplets in tropospheric clouds is typically higher than that of ice particles due to on average lower values of integral radius of the ice particles than those of the liquid droplets. The effect of u z on p is more pronounced in ice clouds compared to liquid ones.
The ice particles in this section were treated as ice spheres having the capacitance c ϭ 1. Because for the majority of ice particles c Ͻ 1, the coefficients B i and will be reduced. This would result in supersaturation B* i and time of phase relaxation values higher than those shown in Figs. 4 and 5. Therefore, the values of S i , S qsi and p should be considered as lower estimates.
Supersaturation in mixed-phase clouds
Cloud droplets may stay in a metastable liquid condition down to about Ϫ40ЊC. This results in a population of cloud particles below 0ЊC that may consist of a mixture of ice particles and liquid droplets. Such clouds are usually called ''mixed-phase'' or ''mixed'' clouds. Due to the difference of water vapor saturation over ice and liquid, the mix of ice particles and liquid droplets is condensationally unstable and may exist only for a limited time. The behavior of supersaturation in mixed- phase clouds is more complex compared to that in single-phase liquid or ice clouds. Since the saturating water vapor pressure over ice is less than that over water, there are several possible scenarios for the evolution of the three-phase colloidal system. Depending on the values of u z , P, T, N i , i , N w , and w , the liquid and ice particles r r may (a) both grow or (b) both evaporate or (c) ice particles may grow while liquid droplets evaporate. The last process, when the ice particles grow at the expense of evaporating droplets, is known as the Wegener-Bergeron-Findeisen (WBF) mechanism (Wegener 1911; Bergeron 1935; Findeisen 1938) . Figure 7 shows time histories of S w , S i , liquid water content (LWC), ice water content (IWC), and p in a cloud parcel ascending with u z ϭ 0.8 m s Ϫ1 . The time of phase relaxation p was calculated for current values of r w (t), r i (t), e(t), T(t), and P(t). During the first 15 s or so, both droplets and ice particles are growing. During this period of time the ice particles deplete water vapor at a higher rate compared to the liquid droplets, eventually reducing S w to below zero. As a result, the droplets start to evaporate, whereas the ice particles keep growing. After 140 s the droplets completely evaporate and the cloud becomes glaciated. After the moment of glaciation the time of phase relaxation p jumps up (Fig.  7d) , and the supersaturation S w decreases toward the value equivalent to the saturation over ice, while S i decreases toward zero. (10) gives a reasonable agreement with that of (B1)-(B7). Figure 8 shows quasi-steady supersaturation in mixed-phase clouds as a function of N w w for different r N i i for two updraft velocities 0.1 and 1 m s Ϫ1 . The r supersaturation S w in the ascending mixed-phase cloud may be either positive or negative. The sign of the supersaturation is related to the balance between the rate of supersaturation growth due to adiabatic cooling and the rate of water vapor depletion by ice particles and depletion or supply by liquid droplets. For example, if N i i is high enough then the ice particles will absorb r water vapor rapidly reducing it to saturation over ice. If N i i is too low, then ice particles will play no sigr nificant role in the water vapor depletion, and the supersaturation will be controlled mainly by liquid droplets. Figure 9 shows the time of phase relaxation in mixedphase clouds for u z ϭ 0. In the mixed phase clouds with typical N w w (Korolev et al. 2003) , the ice particles do r not affect the time of phase relaxation until N i i reaches r values above 100 m cm Ϫ3 . This means that, for such mixed-phase clouds, the time of phase relaxation is mainly defined by liquid droplets. At the final stage of cloud glaciation due to the WBF mechanism, when N w w becomes small, p is mainly defined by ice parr ticles.
In mixed-phase clouds, the droplets would stay in equilibrium (i.e., they will neither grow nor evaporate) if S w ϭ 0. The ice particles under this condition will VOLUME 60 Substituting Eq. (7) in (12) and assuming S i ϭ 0 yields a condition for the equilibrium of ice particles; that is, ice particles neither grow nor evaporate: (Fig.  r  10) . Such vertical velocities can be generated by turbulence in stratiform clouds or regular convective motions in cumulus clouds. This results in an important conclusion that liquid droplets may be easily activated in ice clouds under relatively small vertical velocities having turbulent or regular nature keeping the cloud in mixed-phase condition. It should be noted that was u* z calculated for spherical ice particles, that is, c ϭ 1, whereas usually for natural ice particles c Ͻ 1. Because is linearly related to c [Eq. (22) An example when an ice cloud may transfer into a mixed one is shown in Fig. 4a for the parcel ascending at u z ϭ 1 m s Ϫ1 . The relative humidity in the parcel exceeds saturation over water (curve S w ϭ 0) between 140 and 210 s. Liquid droplets will be activated during this period and the ice cloud will turn into a mixed cloud. The study of Korolev and Isaac (2003) showed that periodic oscillations of vertical velocity may result in a periodic activation and evaporation of liquid droplets in ice clouds. The most interesting part of this process is that the periodic activation and evaporation of droplets in ice clouds under such oscillations are not limited in time and may occur over an infinitesimally long period. 
Glaciating time of mixed-phase clouds
Based on Eq. (12) in the absence of a vertical velocity (u z ϭ 0), the supersaturation over water in a mixedphase cloud is always negative: The purpose of the following section is to consider the glaciating time of mixed-phase clouds at u z ϭ 0 solely due to the WBF mechanism. Consider an adiabatic parcel containing a mixture of liquid droplets and ice particles. As in section 2, assume that the concentration of droplets and ice particles stay constant, and no nucleation of ice particles occur. The mass growth of an individual ice particle can be written as
Because the water vapor pressure in mixed-phase clouds is close to the saturation over water, the supersaturation in mixed-phase clouds can be estimated as
. Therefore, the ice particles are growing at the expense of liquid droplets only, and at the moment of glaciation ( gl ), the mass of all ice particles will be approximately
Here, W i (t 0 ) and W w (t 0 ) are initial ice and liquid water content, respectively. Assuming that the ice particles are monodisperse, the individual ice particle mass at the initial moment of time t 0 ϭ 0 is
i 0
N i
Because the number concentration of the ice particles N i stays constant, the mass of a single ice particle at the moment of glaciation will be 
If W w (t 0 ) k W i (t 0 ), then Eq. (29) will be simplified (Mazin 1983 ):
Equation (29) indicates that to a first approximation the time of glaciation is insensitive to the size spectra of liquid droplets and depends only on ice particles number concentration and the initial LWC and IWC. Figure  13 shows the dependence of gl versus T for different N i calculated from a numerical model (appendix B), and that derived from Eq. (29). The calculations were done for W w0 ϭ 0.1 g m Ϫ3 and P ϭ 680 mb. As seen from Fig. 13 , gl has a minimum around Ϫ12ЊC, where the difference between the saturation vapor pressure over water and ice has a maximum. The glaciation time increases toward 0ЊC and cold temperatures, where the difference E w (T) Ϫ E i (T), and therefore S i , approaches zero.
The glaciation time derived from Eq. (29) agrees well with that calculated from the numerical model for ice concentrations less 1 cm Ϫ3 . The difference between gl calculated from the numerical model and Eq. (29) increases with an increase of N i (Fig. 13) . For example, for N i ϭ 10 cm Ϫ3 and N i ϭ 1 cm Ϫ3 the relative difference at T ϭ Ϫ15ЊC reaches about 40% and 5%, respectively. For ice particle concentrations less than N i ϭ 10 Ϫ1 cm Ϫ3 , the maximum relative error between the model and Eq. (29) does not exceed 1%. Therefore, Eqs. (29) and (30) can be used as an estimate of gl . The agreement between Eq. (29) and the numerical model indicates that, in mixed-phase clouds, the vapor pressure is close to saturation over liquid water, and the rate of decrease of LWC is equal to the rate of growth of IWC.
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For nonspherical particles, the glaciating time should be scaled up by a factor of c Ϫ1 according to Eq. (29). In real clouds, the glaciating time can be reduced compared to Eq. (29) due to ice multiplication and freezing of droplets, or increased due to sedimentation and aggregation. Glaciation due to the WBF mechanism in vertically ascending and descending mixed-phase cloud parcels was considered in detail by Korolev and Isaac (2003) .
Relation between S and S qs
In situ measurements of supersaturation in clouds is a great challenge. At present, there are no aircraft instruments providing measurements of the supersaturation. Our knowledge about the in-cloud supersaturation is based mainly on numerical modeling. Another approach was used in studies by Warner (1968) , Paluch and Knight (1984) , and Politovich and Cooper (1988) . They have estimated the supersaturation in liquid clouds from Eq. (16) based on in situ measurements of u z and N w w . It was considered that ''supersaturation can be r computed using a quasi-steady assumption that the condensation rate just balances the tendency for supersaturation to increase during ascent'' (Paluch and Knight 1984) . However, as seen in Fig. 1 , such a balance may only be reached at the point where S w (t) has a maximum; that is, dS w /dt ϭ 0. Politovich and Cooper (1988) stated that ''the value of S may be assumed near its quasisteady value when the contributions to the temporal variations of S qs from frequencies Ͼ are negligible.'' Ϫ1 p So far it is not clear how accurate the estimate of S w from S qsw calculated from measurements of u z and N w w is. The difference between S w and S qsw can be found r by substituting the current values of r w (t), N w (t), 2 e(t) T(t), and P(t) calculated from a numerical model (appendix B) into the expression for the quasi-steady approximation [Eq. (16)]:
A remarkable property of S qsw (t) is that it approaches S w (t) asymptotically over time when u z ϭ constant; that is,
[ ]
A rigorous mathematical proof of Eq. (32) is not trivial and it goes beyond the scope of this paper. Numerical modeling indicates that Eq. (32) 
t), N i (t), e(t), T(t), and P(t). Gray line (t) is the solution of Eq. (9) calculated
S* i with respect to ice for the quasi-steady approximation (N i i ϭ conr stant and N w ϭ 0). 
t), r i (t), N i (t), e(t), T(t), and P(t). Gray line (t) is the
S* w solution of Eq. (9) for the quasi-steady approximation (N w w ϭ conr stant and N i i ϭ constant). r
[or S qsi (t) and S i (t)] becomes less than 10% usually within a characteristic time 3 p depending on N w , w0 , u z r and initial S(0), T(0), and P(0). Under some conditions, the 10% agreement between S qsw (t) and S w (t) can be reached during a time period less than p . For example in Fig. 14 , for the case with N w ϭ 50 cm Ϫ3 , w0 ϭ r 20m, and S w (0) ϭ 0, the ratio ⌬S w /S w ϭ (S qsw Ϫ S w )/ S w becomes less than 10% after about 3 p (ϳ10 s), for N w ϭ 1000 cm Ϫ3 and w0 ϭ 1 m the ratio ⌬S w /S w r reaches 10% difference after 1.5 p (ϳ5 s). Note that N w w is the same for both cases. r The behavior of S qsi (t) in glaciated clouds is similar to that in liquid clouds (Fig. 15) . The characteristic time of approach of S qsi (t) to S i is about two orders of magnitude higher than in liquid clouds for typical N w w and r N i i . For the cases shown in Fig. 15 this time ranges r from about 200 to 800 s. In high-altitude clouds (Fig.  15b , H ϭ 7000 m, T ϭ Ϫ35ЊC) the ice particles accommodate the water vapor excess faster than that in low-level clouds (Fig. 15a , H ϭ 1000 m, T ϭ Ϫ10ЊC). Figure 16 shows changes of the supersaturation in two identical mixed clouds at two altitudes. The supersaturation of mixed-phase clouds changes in a step-wise manner (Fig. 16) . Before droplet evaporation the supersaturation S w is close to zero, which is in agreement with the discussion in section 5. After complete droplet evaporation, S qsw (t) drops to the value equivalent to the saturation over ice, whereas S w (t) gradually approaches the same value. It is worth noting that glaciation occurs faster in high-altitude clouds (Fig. 16b) compared to that in low-level clouds (Fig. 16a) .
Discussion
In this section we will formulate and discuss the limiting conditions for the quasi-steady approximation. The time of phase relaxation p is the characteristic timescale of changing of S qsw . Therefore, the characteristic time of changes of different coefficients and parameters, considered as constant, should be much larger than p (Kabanov et al. 1971) . For the following estimations it will be assumed that pressure and temperature change from 1000 to 300 mb, and from 0Њ to Ϫ40ЊC, respectively; for liquid clouds p ϳ 1-10 s, | u z | ϭ 0.1-10 m s Ϫ1 ; for ice clouds p ϳ 10 2 -10 3 s,
a. Changes of pressure and temperature
The following limitation should be imposed on the changes of pressure and temperature in the frame of the quasi-steady approximation:
Using the hydrostatic approximation [Eq. (A9)] for liquid clouds | dp/dt | ϳ 10 0 -10 2 N m Ϫ2 s Ϫ1 , and for ice clouds | dp/dt | ϳ 10 
b. Changes of particle concentration
The changes of the cloud particle concentration in the quasi-steady approximation will be limited by the condition (Korolev 1994) . These estimations suggest that the changes of droplet concentration due to secondary activation depending on the rate ⌬N w /⌬t may result in a difference between S w and S qsw . The characteristic rate of the changes of the concentration due to collision-coalescence based on numerical modeling is of the order of ⌬N w /⌬t ϳ 10 Ϫ4 to Ϫ10 Ϫ5 cm Ϫ3 s Ϫ1 (Pruppacher and Klett 1997) , and therefore, does not play any significant role in the formation of the S qsw . The sedimentation may both decrease the particle concentration due to their fallout of the cloud parcel and increase it due to new particles entering the same parcel. For spatially uniformly distributed cloud particles the balance of the decrease and increase of the droplet concentration due to sedimentation will be close to zero. Therefore, the effect of the sedimentation is expected to be negligible and it satisfies the condition (35). However, this may not be the case near the cloud edges, where the spatial inhomogeneity of droplets is high.
The entrainment of dry out-of-cloud air with subsequent mixing with the saturated in-cloud environment will result in a decrease of supersaturation followed by the droplets evaporation. The effect of the entrainment and mixing will be most significant near the cloud boundaries.
The freezing of liquid droplets will reduce the concentration of droplets and increase the concentration of ice particles. Unfortunately, at present, the rate of ice nucleation at different temperatures is poorly known. In situ measurements in wave clouds showed that the glaciation of a downstream part of the cloud occurs within tens of seconds (e.g., Cotton and Field 2002) . That suggests that condition (35) is satisfied and the rate of natural nucleation of ice likely does not affect S qsw in liquid and mixed-phase clouds.
In ice clouds, the value N i / p is comparable to or may be much less than ⌬N i /⌬t due to sedimentation, aggregation, and ice nucleation. Therefore, Eq. (20) should be used carefully for estimation of the supersaturation from S qsi in ice clouds.
Turbulent fluctuations may result in inhomogeneity of the droplet concentration (preferential concentration), which would cause perturbations of the supersaturation and nonuniform growth of cloud particles. Detailed studies by Vaillancourt et al. (2001 Vaillancourt et al. ( , 2002 showed that, in cloud cores, the perturbation of supersaturation caused by preferential concentration is relatively small, and therefore, the effect of the preferential concentration can be neglected. 
c. Changes of vertical velocity and characteristic timescale
The limitation for the vertical velocity for the quasisteady supersaturation yields
In real clouds, vertical velocity experiences continuous fluctuation due to turbulence, wave motions, or convection. Early works of Sedunov (1965) , Mazin (1967) , Kabanov and Mazin (1970) , and Kabanov (1970) , have studied the relation between the turbulent velocity fluctuations and supersaturation in the cloudy atmosphere. They showed the cloud droplets would accommodate the vapor, and the processes inside a cloud would be wet adiabatic if
here i ϳ (L 2 /) 1/3 is the characteristic timescale of the vertical turbulent fluctuation. If p k t , then the response of the supersaturation on the vertical motion will be reduced. In this case the droplets, due to the condensational inertia, would not have enough time to adapt the water vapor and the processes inside such a parcel would follow the dry adiabat.
The characteristic timescale of turbulence t may be considered as the time of a turnover of a turbulent vortex. In this case, ⌬u z can be estimated as ⌬u z ϳ 2u z . Substituting this estimate into Eq. (36) results in Eq. (37).
The behavior of the supersaturation under the limits p K t and p k t can be illustrated by the following examples. Figure 17 shows temporal variations of S w (t) and S qsw (t) in a vertically oscillating parcel in a liquid cloud. The vertical velocity was changed as u z ϭ u vort sin(t), where ϭ 2u vort /D ; D and u vort are the diameter and tangential velocity of the vortex, respectively. The characteristic time of such vertical fluctuations can be estimated as t ϳ 1/. Figure 17a demonstrates the case with p Ͼ t ( t ϭ 1 s, p ϭ 6.6 s). As a result the variations of the supersaturation S w are significantly less compared to S qsw (t). In this case S qsw (t) cannot be used to get an estimation of S w . The frequency of the vertical fluctuations in Fig. 17a is too high and unlikely in natural clouds. However, such fluctuations might occur in the trails behind airplanes. Figure 17b shows the case with p K t ( t ϭ 100 s, p ϭ 6.6 s). Such fluctuations (D ϭ 100 m and u vort ϭ 0.5 m s Ϫ1 ) are typical for stratocumulus, and its period (2D /u vort ഠ 10 min) is close to that of the gravity waves. As seen, the S w (t) and S qsw (t) are nearly consistent, and S qsw (t) gives a very accurate estimate of S w (t). Figure 18 shows time changes of S i (t) and S qsi (t) in the vertically oscillating parcel in a glaciated cloud with p ϳ t ( t ϭ 250 s, p ϭ 170 s). The values of N i , i , r u z , and D chosen in Fig. 18 could occur in cirrus clouds. The amplitudes of S i (t) and S qsi (t) for this cloud are about the same, though the phase of the oscillations is biased. It should be noted, that though S i (t) and S qsi (t) are different, frequency distribution of S qsi (t) calculated from a statistically significant ensemble of N i i and u z r would be about the same as the distribution of the actual S i . Figure 18b demonstrates the case when p k t ( t ϭ VOLUME 60 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S 250 s, p ϭ 1710 s). The S(t) and S qsi (t) are significantly different as expected.
d. Changes of particle sizes
The limitations on the changes of the cloud particle sizes may be defined from Eq. (15). Assuming that S ϭ S qsw , t ϭ p , and substituting Eq. (16) (3) and (18) results in | ⌬u z /⌬t | K 2u z / p , which is similar to Eq. (36), Thus, the limitation on the changes of the particle size reduces to the limitation on the vertical velocity.
e. Characteristic spatial scale
The above consideration in sections 2-4 assumes that all processes are adiabatic. In real clouds, this assumption is violated due to entrainment and mixing. The entrainment and mixing would generate fluctuations of the supersaturation, which are not related to fluctuation of u z , N w w , and N i i . After each event of entrainment r r and mixing, the supersaturation will recover to its quasisteady value during a characteristic time p . If the characteristic spatial scale of the turbulent fluctuations l t K l p , then the quasi-steady approximation cannot be applied. Here, 
is the characteristic phase scale (Mazin 1966; Kabanov and Mazin 1970) ; is the turbulent energy dissipating rate. At the spatial scale l t K l p , the supersaturation S qsw (t) may be significantly different from the actual S w (t). Thus, we come to an important conclusion that the estimations of supersaturation from in situ measurements of N w w , N i i , and u z , the averaging should r r be done over the scale l Ͼ l p .
In stratocumulus the characteristic values ϳ 10 Ϫ3 m 2 s Ϫ3 (Mazin and Khrgian 1989) and p ϳ 10 s result in l p ϳ 1 m. In convective clouds, ϳ 10 Ϫ2 -10 Ϫ1 m 2 s Ϫ3 and p ϳ 10 s result in l p ϳ 3-10 m.
Conclusions
In the framework of this study the following results were obtained. 1) An equation for quasi-steady supersaturation and the time of phase relaxation for the general case of mixed-phase clouds was obtained. 2) It is shown that the supersaturation S(t) in a uniformly vertically moving cloud parcel asymptotically approaches, over time, the quasi-steady supersaturation S qs (t) calculated for current values of u z (t), w (t), N w (t), i (t), and N i (t). The characteristic time r r of the approach of S(t) to S qs (t) is defined by the time of phase relaxation p [Eqs. (13) , (18), (21)]. This creates a theoretical basis for the use of S qs for estimating supersaturation in clouds from in situ measurements of N w w , N i i , and u z as was done by r r Warner (1968) , Paluch and Knight (1984), and Politovich and Cooper (1988) . 3) In estimating S from in situ measurements, the averaging of N w w , N i i , and u z should be done over r r the scale l Ͼ l p . The quasi-steady supersaturation S qs gives a good estimate of S in liquid and mixed-phase clouds because usually p Ͻ t in these clouds. In ice clouds, estimations of S should be made with caution, because in many cases p Ͼ t . 4) Solution of the equation for the quasi-steady supersaturation suggests that for typical N w w and r N i i , the relative humidity in liquid and mixed r phase clouds is close to the saturation over water, and the characteristic time of settling of the supersaturation ( p ) is of the order of seconds. In ice clouds the quasi-steady supersaturation is close to saturation over ice. However, for typical N i i in ice r clouds, the characteristic time of approaching of the supersaturation to its quasi-steady value may range from minutes to hours ( p Ͼ t ). Therefore, in situ measurements of the relative humidity in ice clouds may result in any value below the saturation over water; that is, it may be both higher or lower than saturation over ice. 5) Liquid water droplets can be activated in ice clouds with N i i Ͻ 1 cm Ϫ3 at u z ϳ 1 m s Ϫ1 . The vertical r turbulent and regular motions observed in natural clouds may maintain the cloud in mixed phase for a long time. The condition for the activation of liquid droplets and maintaining the cloud in mixed phase is determined by Eq. (22). This may be a possible explanation of the large observed fraction of mixed phase clouds.
In conclusion we would like to stress the importance that the integral radii should not be overlooked. The values of integral radii N w w and N i i define S qsw r r and p . Thus, the first moment of the cloud particle size distribution (N ), similar to the second moment r (N ) defining optical properties of cloud, and the 
